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Abstract
In this paper we construct the gl(2, 2|4)(1) affine gauged WZW action of type IIB
Green-Schwarz superstring in the AdS5×S5 coset space. From this gauged WZW action
we obtain the super Lax connection. Further, in terms of torsion relation we get the
pure Bose Lax connection and argue that the IIB Green-Schwarz superstring embedded
in AdS5 × S5 is the CP3 conformal affine Toda model. We review how the position µ of
poles in the Riemann-Hilbert formulation of dressing transformation and how the value of
loop parameters µ in the vertex operator of affine algebra determines the moduli space of
the soliton solutions, which describes the moduli space of the Green-Schwarz superstring.
We show also how this affine SU(4) symmetry affinize the conformal symmetry in the
twistor space, and how a soliton string corresponds to a Robinson congruence with twist
and dilation spin coefficients µ of twistor.
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1 Introduction
The AdS/CFT duality [1] set up the relations between the bulk classical theory and the
boundary quantum theory. There exist many hints of the integrable structure on the
both sides. Bena, Polchinski and Roiban [2, 3] find the infinite set of nonlocal conserved
currents that is the hidden symmetry for the IIB Green-Schwarz superstring in AdS5×S5.
Dolan [4, 5] et. al. study the relation with quantum integrability in D = 4,N = 4 super
Yang-Mills theory.
However, all the suggested integrable models of both sides was given after some ap-
proximation [6, 7]. In the classical bulk, the exact rotating string in AdS5 × S5 after
taking harmonic expansion around point string has been described by (confer the last ref-
erence in Ref.[6]) a Neumann-Rosochatius one-dimensional integrable system [8, 9]. For
the quantum boundary CFT, one use the Feynmann diagram of tree level and one-loop
to relate it with Bethe Ansatz of some spin chain [10, 11, 12, 13]. Then the classical and
quantum anomalous dimensions and momentum are compared order by order.
Symmetry dictates interactions [14]. Metsaev and Tseylin [15] find that the global
PSU(2, 2|4) super-invariance and local κ symmetry dictates the unique IIB string action
on AdS5 × S5. Roiban Siegel [16] bring the coset to GL(4|4)/(sp(4) ⊗ GL(1))2 in the
more transparent κ symmetric gauge, give the simplest action with manifest conformal
symmetry.
In this paper, our aim is to argue that the hidden symmetry has to dictate the classical
action with the symmetry broken by anomaly, by the vacuum expectation value of chiral
field. The GL(1)2 transformation of the complex parameter µ, which labels the vacua (the
moduli space), realizes as the opposite reparametrization of left and right moving string.
This loop group is further central extended by the 2 cocycle of WZW term. In summary,
the hidden affine symmetry gl(4, 4)(1) should dictate a gauged WZW action. After shortly
review Roiban-Siegel action [16], we suggest the axially gauged WZW action for super
current with constraint label by µ, then sketch the derivation of the pure bosonic EOM
and its corresponding gauged WZW action. This EOM and action describe the dynamics
of the chiral embedding of IIB string. The left and right evolution of moving frame is
expressed as the Lax connection, which is uniquely determined by fields of diagonal Cartan
element. It turns out to be the conformal affine Toda [17, 18, 19].
Once the bosonic EOM and (or) the gauged WZW action has been obtained, it is
already obvious that it should dictate the conformal affine Toda, and to ascertain that
the exact integrable model of both classical and quantum AdS/CFT are the affine Toda.
In section 4, we only review the key and subtle point for the chain: gauged WZW to
chiral embedding to conformal affine Toda, then review its soliton solution in section 5.
All this is well know, so the readers better skip the section 4 and 5, go straightforward to
2
the solitonic string picture and turn back in case of need. If something is unclear, then
this part may serve as a directory to original papers. But we would like to stress: 1. The
Riemann-Hilbert problem of dressing symmetry, description of the holomorphic and anti
holomorphic behavior of left and right moving deserves attention. We will discuss the
Riemann-Hilbert factorization in the next paper. 2. The vertex construction is not only
effective to construct classical solution [17, 18, 19], but also implies the exact quantum
version. 3. The geometry of pseudo-sphere [20, 21, 22] in connection with nonlinear σ
model, with sine-Gordon, with Backlund transformation and R.H. lies in the heart of
duality and dressing twist, but such kind of geometry seems not popular till now.
At last we find the ground states are stretched string. Its radius of deforma-
tion and correspondent energy-momentum are characterized by moduli parameter µ. The
hidden symmetry extend the conformal symmetry describes by twistor [23], to that of a
“affine” conformal symmetry of twistor, the stretched string realize the Robinson congru-
ence [23] of ray [24, 25].
2 Roiban-Siegel’s super vielbein construction and
quadratic WZW term of IIB string on AdS5 × S5
The Metsaev-Tseytlin action [15] of IIB Green-Schwarz superstring in AdS5×S5 is realized
as the sigma model on coset PSU(2,2|4)
SO(4,1)×SO(5) .
Roiban and Siegel [16] extend the symmetry into GL(2, 2|4) by adding two U(1)
factors
PSU(2, 2|4)
SO(4, 1)× SO(5) −→
GL(2, 2|4)
SO(4, 1)× SO(5)⊗ U(1)2 . (1)
Further, using a Wick rotation, it gives
GL(2, 2|4)
SO(4, 1)× SO(5)× U(1)2 −→
GL(4|4)
(SP (4)× U(1))2 . (2)
The coset representative vielbeins Z BM is given by
Z BM =
[
x(4)
][
θ
][
x(6)
]
=
(
X dm 0
0 δ n¯m¯
)(
δ cd θ
p¯
d
θ cn¯ δ
p¯
n¯
)(
(X0)
b
c 0
0 z b¯p¯
)
. (3)
The indices are introduced by
GL (4)2 N = (m, m¯)
evenGL(4)
oddGL(4)
m,n = 1, · · · 4
m¯, n¯ = 1, · · · 4
Sp(4)2 A = (a, a¯)
evenSp(4)
oddSp(4)
a, b = 1, · · · 4 further, a = (α, α˙), α = 1, 2.
a¯, b¯ = 1, · · · 4
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The currents are given by
J MN + A
M
N = (Z
−1) MA dZ
A
N , (4)
where A MN are the (Sp(4)×GL(1))2 connection.
The antisymmetrization, tracelessness, index contraction and inverse of Ω are defined
as[16]
A[mBn] =
1
2
(AmBn − AnBm) , A<mBn> = A[mBn] + 14ΩmnAPBP ,
AmBm = Ω
mnAmBn , Ω
mnΩnP = δ
m
P .
(5)
Here Ω = diag(ω, ω) and ω is the symplectic metric of Sp(4). Only the antisymmetrical
traceless current J MN is dynamical. Thus the kinetic part is
Sk =
∫
J<mn> ∧ ∗J<mn> − J<m¯n¯> ∧ ∗J<m¯n¯>. (6)
To keep the κ symmetry, Roiban and Siegel find the topological Swzw should be
Swzw = ±
∫
1
2
(
E1/2Jmn¯ ∧ Jmn¯ − E−1/2Jm¯n ∧ Jm¯n
)
, (7)
where E = sdetZ MN , this sign ± is used instead of SIJ = diag(1,−1)(I = 1, 2) in Ref.[15]
and for the θImm¯ , κ
I etc..
The total action is
S = Sk + Swzw. (8)
The simplest action is given by choosing the κ symmetric gauge
θ n¯α = 0 , θ
α˙
m¯ = 0. (9)
In this gauge, only 16 θ n¯α˙ , θ
α
m¯ survives. The explicit form of the currents is given by
J ba = (jads5)
b
a − (X−10 ) ca θ m¯c dθ dm¯ (X0) bd ,
J b¯a¯ = (jS5)
b¯
a¯ = (z
−1) m¯a¯ dz
b¯
m¯ ,
J b¯a = (X
−1
0 )
c
a dθ
m¯
c z
b¯
m¯ ,
J ba¯ = z
m¯
a¯ dθ
c
m¯(X0)
b
c ,
(10)
where
jads5 =
(
−dx0
x0
ω 1
x0
dxTω
1
x0
ωdx dx
0
x0
ω
)
. (11)
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3 The GaugedWZWAction of IIB string on AdS5×S5
The gl(4, 4) symmetry and κ symmetry have dictated Roiban Siegel’s action. Now the
reparametrization symmetry will dictate gauged WZW action.
3.1 Fermionic action
In order to obtain the spontaneously broken ground state of the IIB string in AdS5× S5,
we will add the D and FI terms which are determined by the vacuum expectation values.
Thus we must gauging the WZW action (8) i.e. find the Hamiltonian reduction of (8)1.
The IIB string is chirally embedded [26] in AdS5×S5, such that the left and right moving
tangent vectors of the world sheet is mapped to the two co-moving tangents of AdS5×S5
respectively. But meanwhile, by SUSY, the N = 2 fermionic beins LI(I = 1, 2) should
be rotated by axial U(1) in accompany. The Cartan forms which describes the string
embedded in the AdS5 should be corresponded to the E+, E− components of a sl(2)
subalgebra in gl(2, 2|4) and this E+, E− and axial U(1) are generated by the primary
generator Fα, Fα˙ (α = 1, 2) of the Osp(2|2).Here the N = 1 osp(2|1) embedding obviously
is excluded. The principal embedding of sl(2|1) in fundamental representation can not
give the decoupled diagonal bosonic block with a SL(2) subgroup in upper left block for
AdS5 and in lower right block the extended supersymmetry axial U(1). Only the adjoint
Osp(2, 2) embedding works this way.
The super covariant derivatives on AdS5 × S5 are
D m¯n =
∂
∂θ nm¯
+ θ m¯p (γ
m) pn
∂
∂xm
, (12)
D nm¯ =
∂
∂θ m¯n
+ θ pm¯ (γ
m) np
∂
∂xm
, (13)
where the target θ and x are functions θ(τ, σ), x(τ, σ) of the world sheet variable τ, σ. In
the super covariant symmetrical killing gauge
θ n¯α (x, θ) = 0 , θ
α˙
m¯ (x, θ) = 0 . (14)
Surviving Dm¯n , D
n
m¯,becomes
D m¯α =
∂
∂θ αm¯
+ θ m¯α˙ (γ
m) α˙α
∂
∂xm
(15)
1Remark: we choose the RS action instead of the beautiful Berkovits formalism of superstring quanti-
zation on AdS5 background[27], since there the κ symmetry is not manifest. The kinetic part 〈
(
g−1∂ig
)2〉
includes the Cartan form of Lorentz generators [28, 29], thus no dressing symmetry. The WZW is gauged
by vector gauge [29], not the axial one, thus the chiral symmetry seems not manifest also.
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D α˙m¯ =
∂
∂θ m¯α˙
+ θ αm¯ (γ
n) α˙α
∂
∂xn
. (16)
They commute with the supercharge Qα, Qα˙.
The super currents is defined similar with (4)
Z−1DαZ = Jα (17)
here
Jα = JMNα TMN ,
we adapt similar notation for να,µα later. But now the even derivative d on the world
sheet is replaced by the odd Dα and Dα˙ pulled back by the static map (σi −→ x, θ) to
the world-sheet.
The embedding in gl(4, 4)(1) is given by the Osp(2|2) generators
Tα =
∑
m¯
T m¯α , T
α˙ =
∑
m¯
T α˙m¯ , (18)
{
T 1, T 2
}
= E+, {T 1˙, T 2˙} = E−. (19)
Remark: The T m¯α
(
T α˙m¯
)
lies not in the upper right (lower left) off diagonal block as
usually (e.g. [30] appendix) in distinguished basis. It is, as in WZW term (8) of RS,
the antisymmetric combination of conjugate terms in upper right and lower left, and has
different phase for I = (1, 2) components in the SO(2) of N = 2 in [15].
3.2 Bosonic EOM and gauged WZW action of IIB string in AdS5
In the Killing gauge, we find the pure bosonic integrable condition2:
∂±U = A±U. (20)
Using the U one can obtain the pure bosonic gauged WZW action
I (U,A+,A−) = S(U) + κ
∫
d2xTr{A− (∂+U)U−1 +
(
U−1∂−U
)
A+
+A−UA+U−1 − A−µ− A+ν}. (21)
The EOM of pure bosonic can be derived from this gauged WZW[33]
∂+(z
−1∂−z + z−1A−z)− [A+,z−1∂−z + z−1A−z] + ∂−A+ = 0 , (22)
∂−(∂+zz−1 + zA+z−1) + [A−,∂+zz−1 + zA+z−1] + ∂+A− = 0 , (23)
2We will give it in the next paper.
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Tr[E+(z
−1∂−z + z−1A−z − ν)] = 0, ν ≡ µ−E− , (24)
Tr[E−(∂+zz
−1 + zA+z
−1 − µ)] = 0, µ ≡ µ+E+ . (25)
One can show that for AdS5 coset SU(4)/SP (4) the vierbein z and the nonlinear
representative G can be identified in some gauge. So here and latter, we will use the
U−1dU (i.e. the g−1dg in [33], the T−1dT in [17]) instead of z−1dz.
It is well known [33, 34, 35, 36] that gauged WZW model given by the action (21)
or EOM(22-25) are equivalent to the chiral embedding (Gervais and Matsuo [26]). The
Green-Schwarz IIB superstring propagate on the AdS5 × S5 background can be regard
as the following chiral embedding . The IIB superstring embed in only the AdS5 of the
AdS5 × S5. Consider the image on tangent plane of AdS5 of the two left and right moving
tangent vectors respectively of world-sheet as the moving frame. The rotation of the
moving frame is given by the Frenet-Serret equations [26] in the CP3 manifold (actually
the vector representation space of affine SL(4) if we include the twisted dilation and phase
variation of µ, ν).
4 Chiral embedding and conformal affine Toda model
The chiral embedding dictates the Toda model [26]. Later these has been generalized to
the affine case [19]. In this paper we will apply these well known result for the chiral
embedding of IIB string in AdS5 to find stretched string soliton.
At first let us formulate the conclusion. The U in EOM (22-25) and action (21) is
the transfer matrix of conformal affine Toda model written in principal curvature
coordinate [22],[17] as
∂±U = A±U. (26)
But, here the Lax connection A± is in different gauge with A± in (21-25),
A+ = A
Φ
+ ≡ eΦA+e−Φ + eΦ∂+e−Φ,
A− = A−Φ− ≡ e−ΦA−eΦ + e−Φ∂−eΦ. (27)
Here Φ is the affine Toda field (35).
Now we turn to chiral embedding, to obtain the conformal Affine Toda Φ after (35).
Let UL, UR be the rotation of moving frame of left and right chiral embedding [26].
We will show that they are the transfer matrix UL, UR (the g1, g2 in [17]) in the triangular
gauge or in the asymptotic line gauge. The transfer matrices “U” in different gauge satisfy
UL = e
ΦU, UR = e
−ΦU. (28)
where the element Φ, will be given later in (35).
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Now let’s gauss decompose UL, UR,
UL ≡ eK−N+M−, UR ≡ eK+N−M+. (29)
Here K−, K+ is the diagonal Cartan element, N+,M+ is upper triangular and N−,M− is
lower triangular.
Acting UL (UR) on the highest (lowest) weight vector of the level one representation of
affine algebra. The upper(lower) triangular N+ (N−) factor is annihilated. One can show
as [17] that the remain left moving M−, K− are “holomorphic”, right moving M+, K+
are “anti-holomorphic” respectively
∂+M
−1
− = ∂+K− = 0 , (30)
∂−M−1+ = ∂−K+ = 0 . (31)
The M± are determined by K± [37](Serret Frenet eq. of chiral embedding [26])
M−∂−M−1− = e
−adK
−
E
− , (32)
∂+M+M
−1
+ = −e−adK+E+ . (33)
where
E+ = λ
r∑
i=0
Eαi , E− = λ−1
r∑
i=0
E−αi , principal gradation, (34)
Then the various combination of the minors of Wronski determinant [33, 26] of K∓
will be expressed uniquely by the Cartan field Φ
Φ = ϕ ·H + ηd+ ξC. (35)
where H is the finite (level zero) part of h and we will see that φ is the affine Toda field
and η, ξ are the fields corresponding to the grade derivative d and the center C in Cartan
subalgebra h of gl(4)(1) respectively.
Then it turns out [17] that the U in (28) turns to be the transfer matrix satisfied
(26) with Lax connection A±(27) expressed solely by Φ
A+ = ∂+Φ +me
adΦE+ , (36)
A− = −∂−Φ +me−adΦE− . (37)
Here we fix µν = m2, and set µ
m
= m
ν
−→ µ.
In terms of (36)(37) the self consistence condition of (26) ,
∂+A− − ∂−A+ + [A+, A−] = 0 , (38)
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becomes the EOM of conformal affine Toda Φ.
For simplicity, let us restrict to the sl(2)(1) case , the EOM becomes that of the
conformal Sine-Gordon
∂+∂−ϕ = m2e2η
(
e2ϕ − e−2ϕ) , (39)
∂+∂−η = 0, (40)
∂+∂−ξ = m
2e2η
(
e2ϕ + e−2ϕ
)
. (41)
Conformal invariance
This EOM is invariant under left (f(z+)) and right (g(z−)) independent reparametriza-
tion [17]
ϕ˜(z˜+, z˜−) = ϕ(f(z˜+), g(z˜−)) +
1
2
log(f ′g′), (42)
η˜(z˜+, z˜−) = η(f(z˜+), g(z˜−)) + log(f ′g′), (43)
ξ˜(z˜+, z˜−) = ξ(f(z˜+), g(z˜−))− 1
4
log(f ′g′). (44)
The contribution of the two fields η and ξ in the improved energy-momentum tensor Θµν
is [17, 19]
(∂µ∂ν − gµν∂2)(1
2
η − 2ξ),
so the improved energy momentum tensor will be traceless [19]
Θµµ = 0. (45)
The integral of improve energy momentum tensor in 2-dim, will give a surface term
which is the topological term (the first Chern-class) and equals the number of soliton.
The traceless of energy momentum tensor implies that the conformal invariance is
recovered. The total energy and momentum of one soliton equals
H ± P = m2 exp(∓µ). (46)
5 Soliton solution of affine conformal Toda
Its soliton solutions can be obtained in three way:
A. Solve the equations of motion (39,40,41) to obtain one soliton solution, then use
the Ba¨cklund transformation.
B. By Riemann-Hilbert method in connection with dressing transformation [38].
The dressing transformation of U by g to Ug is solved by the following Riemann-Hilbert
method.
Factorize
W (g) = UgU−1 (47)
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into
W = W−1− W+ (48)
with W−,W+ analytic respectively in two region, e.g. upper and lower complex plane.
Then set
Ug =
{
W+Ug
−1
+ in upper plane
W−Ug
−1
− in lower plane ,
(49)
where
g−1− g+ = g. (50)
It is easy to check
W (g) = UgU−1 = Ug−1− g+U
−1 =W−1− U
gUg−1W+ =W−1− W+ (51)
Consequently the equations
∂iU = AiU (52)
is transformed into
∂iU
g = AgiU
g. (53)
Thus R.H transformations W± induce different “gauge transformation” on the Lax con-
nection Ai of U to get the same
Agi = W±AiW
−1
± − ∂iW±W−1± , (54)
actually it is shown that [39]
W+ = K
g
+M
g
+ , (55)
W− = K
g
−M
g
− , (56)
K±g = exp±(Φ− Φg) . (57)
The dressing transformation form a dressing group with the following multiplication rule
g ◦ h = (g−h−)−1(g+h+) . (58)
Here g is decomposed as
g = g−1− g+ , (59)
where g± are
g± = exp Hˆ exp Nˆ± ⊂ ± Borel subgroup (60)
Hˆ, Nˆ± are the factor of the Gaussian decomposition of g.
C. By using vertex operator (e.g. principal realization) of Kac-Moody algebra and
factorized it into V ± in connection with dressing transformation.
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5.1 One soliton solution
I. The Riemann-Hilbert method with one zero(pole) at ±µ [38]
W1 = 1− 2µ
λ+ µ
P, W2 = 1 +
2µ
λ− µP, P
2 = P. (61)
can be solved by using the dressing transformation from the vacuum solution as followings
[18].
The vacuum solution
ϕvac = 0, ηvac = 0, ξvac = 2m
2z+z−, (62)
Uvac = e
m2
2
z
−
z+Ce−mz−E−e−mz+E+ . (63)
Let [18]
g− = e−2 log cosh
ϕsol
2
Cg˜− . (64)
Then the dressing eq.
Usol(x, t) = g±(x, t)Uvac(x, t)g−1± (0) , (65)
turns to be (
∂+ +mλ
(
0 1
1 0
))
gˆ−1− = gˆ
−1
−
(
1
2
∂+ϕsol mλe
ϕsol
mλe−ϕsol −1
2
∂+ϕsol
)
Its one pole solution is
g˜−1− =
(
e−
ϕsol
2 0
e
ϕsol
2
)
− sinhϕsol
2
(
µ λ
−λ −µ
)
µ
λ2 − µ2 , (66)
g+ similar.
If we set the
1√
λ2 − µ2
(
µ λ
−λ −µ
)
=
(µσ3 + λiσ2)√
λ2 − µ2 ≡ σ
′
3 (67)
as the direction of the common tangent [20, 21, 22], define
σ′3 = P + P⊥, P · P⊥ = 0, P 2 = P. (68)
Then we can show that P is the projection operator in the eq.(61).
It remains to get the ϕsol in eq.(66), there are three ways [18]:
1. Solve the affine Toda equation (41) with η = 0 to get
tanh
ϕsol
2
= −a exp[2m(µz+ + µ−1z−)]; (69)
11
2. Further solve the factorized dressing eq.(65) by substitute the Uvac (63) into it to
obtain
g−1− (x, t)g+(x, t) = e
−mz
−
E
−e−mz+E+g−1− (0)g+(0)e
mz+E+emz−E− . (70)
Then solve this eq. as in § 5.1 of ref.[18];
3. The most elegant method is to use the factorized vertex operators as in II.
II. The g written in exponential forms becomes
g˜−1− (x, t) = g
−1
− e
2 log coshϕ
2
C = e
−ϕsol[ 12H+
(λµ )
−2
1−( λµ)
−2H+
(λµ )
−1
1−( λµ)
−2 (E+−E−)]
(71)
≡ e−φsolV (−)µ , (72)
g˜+ = e
φsolV
(+)
µ .
Here
V (±)µ =
1
2
H +
(λ
µ
)±2
1−
(
λ
µ
)±2H + (
λ
µ
)±1
1−
(
λ
µ
)±2 (E+ −E−) , (73)
are the positive and negative frequency respectively of V (λ),
V (+)µ =
1
2
∮
|λ|<|µ|
dλ
2piiλ
λ+ µ
λ− µV (λ) , (74)
V (−)µ =
1
2
∮
|λ|>|µ|
dλ
2piiλ
λ+ µ
λ− µV (λ) , (75)
where µ is the position of pole [40] and λ is the spectral parameter. The the vertex
operators principal construction V (λ) is defined by
V (λ) =
1
2
: exp(−2
∑
n odd
a−n
λn
n
) : (76)
where oscillators am satisfy
[am, an] = mδm+n,0 for m, n odd, (77)
am|0〉 = 0, n > 0 . (78)
Then using [
E
(n)
+ + E
(n)
− , V (λ)
]
= −2λnV (λ), (79)
here and in (71-73),
E
(2n−1)
± = λ
2n−1E±, H(2n) = λ2nH n > 0,
E
(2n+1)
± = λ
2n+1E±, H(2n) = λ2nH n < 0.
It is easy to show
e−mz−E−e−mz+E+V (µi)emz+E+emz−E− = e2m(µiz++µ
−1
i z−)V (µi) (80)
compare it with the eq.(70,71), then one find the ϕsol is the same as (69).
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5.2 N-solitons solution
Similarly the n-soliton solutions of conformal affine model as the orbit of the vacuum
solution under the dressing group may be construct from dressing product of one soliton
solution. It is easy to see from (69),(71) that
g± (0) = g± (x, t) |x=0,t=0
may be expressed by 1+aV (µ) . Then as shown by Ref.[18] their dressing product equals
g (0) = (1 + 2a1V (µ1)) (1 + 2a2V (µ2)) · · · (1 + 2aNV (µN)). (81)
where ai,µi will be the zero mode position and momentum of the i-th solitons. So from
(70) the N -solitons solutions may be expressed by〈
Λ±
∣∣∣∣∣
n∏
i=1
(
1 + 2al exp
[
2m(µlz+ + µ
−1
l z−)
]
V (µl)
)∣∣∣∣∣Λ±
〉
Further by factorize each normal ordered V (µ) into V+ (µ) and V− (µ) , shift V± to left or
right, then by Wick theorem, the usual τ function will be obtained.
5.3 Soliton of chiral embedded string in sl(4)(1)
To find it from the known sl(2)(1) solution, we simply embed the sl(2)(1) in the sl(4)(1), the
generator E± map to the cyclic elements
3∑
i=0
e±αi of the sl(4). Since this cyclic element is
invariant under the action of the Coxeter element σ which is the maximal Weyl reflection
for the automorphism of the Dynkin diagram [40], then it is easy to find that the one
soliton solution of the affine sl(4)(1) is given by [19]
tanh
ϕisol
2
= A exp
[
m(ωi−1µz+ − ω1−iµ−1z−)
]
, i = 0, · · · , 3. (82)
where
ω = e
2pii
h , (83)
here coxeter number h equals 4. The n-soliton solutions of sl(4)(1) are similar with 5.2.
6 The stretched string soliton
Since the AdS5 space has the Poincare metric in conformal flat coordinate. We illustrate
the motion of string in AdS5 by the following figures
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Figure 1: In the conformal flat Poincare coordinate of AdS5, The two sides of upper half
“strip” is identified. r is the inverse radius of S5 and X is the other four coordinates. The
semicircle is the σ orbit of the stretched string at the equal time τ . The string will move
to right (left) around the half cylinder, or on its universal enveloping upper “plane”.
Figure 2: The deform of string in AdS5 (wick rotated to S
5). The equator is the horizon
and the string approach it. With time evolving the left (right) moving string move anti-
clockwise (clockwise).
The metric of AdS5 in the pure bosonic part of action Sk (6) ,by (11), becomes the
Poincare metric ∑4
i=1 dx
2
i + dr
2
r
, (84)
for the pseudo-sphere. The world-sheet σ and τ maps to the two principal curvature
coordinates. The normal image of the motion on pseudo-sphere will describe the dynamics
of nonlinear σ model [22], now on AdS5.
The ground states of solitons is the twistly stretched string on AdS5. The two end
points of string approach the horizon and the left (right) moving string at fixed time τ is
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described by a geodesic line on the pseudo-sphere, which is the semicircle in fig.1 and fig.2.
The geodesic radius of the semicircle equals the exponential rapidity µ and it evolves with
constant velocity in time counterclockwise (clockwise) around with period 1
2pi
.
7 Twistor Description
We have shown that the IIB Green-Schwarz superstring in AdS5× S5 is described by the
conformal su(4)(1) affine Toda theory. This affine algebra su(4)(1) which is the affinization
of the conformal group SU(4) ∼ O(4, 2) of the coset space AdS5. The conformal group
acts on the twistor space T ∼ CP3, as implies by [16] and [41].
Let us as Maldacena [1] denote the coordinates (t, v, w, x, y, z) of a point in AdS5
t2 + v2 − w2 − x2 − y2 − z2 = R2. (85)
The metric of AdS5 turn to be
ds2 = dt2 + dv2 − dw2 − dx2 − dy2 − dz2. (86)
But a point in AdS5 correspond to a bilinear form R
ab [23] i.e. a line in T
R
ab = ZaXb −XaZb, Za = (λα, µα˙) , (87)
R
01 =
1
2
(v + w) ,R02 =
1√
2
(y − ix) ,R03 = i√
2
(t+ z) , (88)
R
12 =
i√
2
(z − t) ,R13 = 1√
2
(y + ix) ,R23 = v − w, (89)
here it is not a linear rotation of SU(4) ∼ SO(4, 2) in AdS5.
The SU(4) ∼ SO(4, 2) generators are rotations in T [41]
e[ab] = Za
∂
∂Z¯b
− Zb ∂
∂Z¯a
, (90)
Z¯a = (µ¯α, λ¯
α˙). (91)
Now we affinize it into eˆ[ab] of SU(4)(1) in homogeneous gradation. Let
eˆaa+1 ≡ Zˆa ∂
∂ ˆ¯Za+1
= λeaa+1 = λZa
∂
∂Z¯a+1
, a ∈ Z4 . (92)
Subsequently, the original real point xαβ˙ in M
4
λαxαβ˙ = µβ˙ (93)
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becomes a complexified point xˆαβ˙ in CM
4
λˆαxˆαβ˙ = µˆβ˙ . (94)
The motion of IIB string will be described by
Z¯αZ
a = m2 = 2s 6= 0. (95)
and the Robinson congruence Xa as following.
The Robinson congruence Xa intersecting Za satisfy
XaZ¯a = 0 (96)
XaX¯a = 0 (97)
Let
Xa = (λ,−s, µ, 1), X¯a = (µ¯, 1, λ¯,−s) , (98)
then from eq.(97) we have
Re(λµ¯) = s. (99)
The λ√
s
=
√
s
µ
will correspond to our loop parameter µ = 1
ν
.
As well known, the real points in CM4 Klein correspond to lines of PT that lie entirely
in the subspace PN of null projective twistors Za,
ZaZ¯a = 0.
That is, Za intersects (lies on) its conjugate plane. This null Za correspond to geodesic
null congruence of null lines in CM4, the distance between any two null lines in this
congruence is zero. Now the Robinson congruence Xa intersecting non-null Za (95-97) is
not geodesic null, it remains to be shear free, while |µ| (and its phase) correspond to the
nonzero expansion (and rotation) spin coefficient respectively. For the ray congruence,
confer Trautman and Pirani [24] and Sachs [25]. Later maybe we’ll give the detail of these
descriptions and the relation between this twistor congruence of string with the pseudo
congruence [20] and with the Backlund transformation and the dual twist rotations on
pseudo-sphere, but the more urgent is to describe the physical properties of stretched
string, e.g. its “electromagnetic” behavior. All this will be more transparent, if we
consider the move of 4-bein frame of twistor, the “flag”, which describe the (anti)self-dual
YM at the same time. So we’ll study the super YM case in next paper.
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8 Discussion
Since the WZW term of RS action (8) contains solely fermionic current, we cannot con-
strain it directly to give the pure bosonic gauged WZW action [30], but have to introduce
the super current version of (8), then constrain it as a gauged WZW action and reduce
to bosonic (21). This way of formulation is not satisfactory. The better would be an
superspace action generalize that of, e.g. chiral super gravity [42]. There should be two
covariant constant super field, one is the superfield of the normal vector Y in Ref.[16], the
another describes the U(1) gauge in S duality SL(2, R).
In the superspace formulation the constraint [31] turns to be chiral covariance of e.g.
the N = 1 vector multiplet V and chiral multiplet Φ, both from the N = 2 vector
multiplet. The chiral anomaly combine the contributions both in the D term and in the
superpotential into e.g. the Chern Simons term [43]. The dilation and phase twist of VEV
determines the Ka¨hler twist and complex twist [44] in chiral ring and special geometry
[45].
We are more interested to investigate the dressing symmetry of twisted dual more
explicitly in these topics and to find the role played by the twistly stretched string and
twisted monopole to resolve the singularity, to blow up in topological transition [46].
As a preliminary, in next paper “The affine ambitwistor space as the moduli space
of SUYM in AdS5 ⊗ S5”, we will study the more realistic case, SDYM in 4d space time.
There, as is well known in Sieberg Witten’s paper on monopole condensation [47] the
spectral curve is given by the spectral determinant of affine Toda. There should be some
integrable model [48], but why it is just the affine Toda has been consider as mysterious
[49]. It is plausible that the dressing symmetry dictate uniquely that the spectral curve
will be from the affine Toda.
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Note
The left (right) moving world-sheet embedded respectively into wave functions |ξ > (< ξ|)
of the two N=2 fermions with opposite chirality. The wave function |ξ >⊂ twistor space
CP3 ∼ fundamental representation of U(4) ∼ O(4, 2), which are central extended into
the affine Û(4). They satisfy the Killing spinor equation, which are the δψgaugino =
δψgravitino = 0, dual twisted by the phase of the central charge of the topological gauge
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field. Meanwhile the rapidity µ assumes the attractor limit value. The |ξ > and < ξ|
instead of being conjugate pure states, are mixed states with density matrix, realizing
the dilation boost. Thus the holomorphic anomaly of almost factorization is given by the
central term of the affine vertex, i.e. the soliton generating operator.
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